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MATHEMATICS -II PARTIAL DIFFERENTIAL EQUATIONS

PARTIAL DIFFERENTIAL EQUATIONS
Introduction

Partial differential equations are used to mathematically formulate ,and thus aid the
solution of physical and other problems involving functions of several variables ,such as the

propagation of heat or sound , fluid flow , elasticity , electro statistics, electro dynamics, etc.

Fluid mechanics, heat and mass transfer, and electromagnetic theory are all modeled by

partial differential equations and all have plenty of real life applications.
For example,

e Fluid mechanics is used to understand how the circulatory system works, how to
get rockets and planes to fly, and even to some extent how the weather behaves.

o Heat and mass transfer is used to understand how drug delivery devices work, how
kidney dialysis works, and how to control heat for temperatute-sensitive things. It
probably also explains why thermoses work!

o Electromagnetism is used for all electricity out there, and everything that involves
light at all, from X rays to pulse oximetry and laser pointers.

Definition:
An equation which involves a dependent variable and its derivatives with respect to two or
more independent variables is called partial differential equation.
L 9z
Ex: X5 + 4y, = 2z43xy

: 9 d 92 92 92
NOtatlonS:p=£,q=£,r= z L t=22

ﬁ's - oxdy’ dy?
Linear & non linear P.D.E:

If the partial derivatives of the dependent variable occur in first degree only and

separately, Such a P.D.E is said to the linear P.D.E, otherwise it is said as non —linear P.D.E
Formation of partial differential equations:

Partial Differential equations can be formed by two methods

1.By the elimination of arbitrary constants

2.By the elimination of arbitrary functions
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MATHEMATICS -II PARTIAL DIFFERENTIAL EQUATIONS

1.By elimination of arbitrary constants
Let the given function be f(x,y,z,a,b) =0 .........(1) where a and b are arbitrary
constants.

To eliminate a and b, differentiating (1) partially w.r.t. ‘x”and “y’

L L L SO PPP (2) and
OX 0L OX oX oz

Ao o A 3)

oy oz oy oy oz

Now eliminate the constants a and b from (1), (2) and (3). We get a partial differential

equation of the first order of the form. ¢(x,y,z, p,q)=0

Note : 1. If the number of arbitrary constants is equal to.the number of variables, a partial
differential equation of first order can be obtained.
2.1f the number of arbitrary constants is greater than the number of variables, a partial

differential equation of order higher than one can be obtained.

Solved Problems

1. Form the partial differential equation by eliminating the arbitrary constants
aand b from (i) z= ax + by + ab

Sol: we have z = ax + by + ab ....... (1)

Differentiating (1) partially w.r.t. ‘x” and ‘y’, we get

07
&=a: p=a......... (2)and%:b:>q:b ........... (3)

Putting the values of a and b fromequation (2) and (3) in (1), we get

zZ= px + qy + pq
Which is the required partial differential equation

2. Form the partial differential equation by eliminating the arbitrary constants a and b
from (a) z=ax+by+a*+b* (b) z= ax+by+%—b

Sol: (a) we have z=ax+by+a’*+b® ....... (1)

Differentiating (1) partially w.r.t. “x” and ‘y’, we get

Putting the values of a and b from equation (2) and (3) in (1), we get
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Z=px+qy+p°+q°

Which is the required partial differential equations
(b) We have z:ax+by+%—b ............... (1)

Differentiating (1) partially w.r.t. °x” and ‘y’, we get

%:a:p:a ..... (2) and g=b:>q:b ............ 3)
Putting the values of a and b from equation (2) and (3) in (1), we get
P

Z=px+qy+——q
q

Which is the required partial differential equation.

3. Form the partial differential equation by eliminating the arbitrary constants from

(x—a)2+(y—b)2+z2 =r?

(OR)

Find the differential equation of all spheres of fixed radius having their centre on the
xy —plane.

Sol: The equation of sphere of radius r having their centers on xy-plane is

(x—a)’ +(y-b) +z* =r%i...... (1)

Differentiating (1) partially w.r.t. ‘x” and ‘y’, we get.

2(x—a)+22.%=0:>(x—a)+ zp=00orx—a=-zp — (2)

And 2(y—b)+22.§—§,:00r(y—b)+zq =0ory-b=-zqg— (3)

Putting the values of (x-a) and (y-b) from (2) and (3) in (1), we get

(—zp)2 +(—zq)2 +2°=r?

Which is the required partial differential equation.
4. Form the partial differential equation by eliminating the arbitrary constants a and b
from z= (x+a) (y+b)
Sol:The givenequationz= (x+a)(y+b)————————— — (D)
Differentiating (1) w.r.t., x
P==1(y +b)—————————— (2)

Differentiating (1) w.r.t., y
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from(2) P = (y + b)
from(@3)q = (x + a)
Substituting in (1) we get

zZ=pq
Which is the required partial differential equations

5. Form the partial differential by eliminating the arbitrary constants from
log(az—1)=x+ay+b
Sol: We have log(az—1)=x+ay+b............. (1)

Differentiating (1) partially w.r.t. x”and “y’, we get

(azl—l) .a.%zlor(az_l) ap=lorap=az-1................ (2)
and (azl—l) a.%:a: ag=(az-1)a........... (3)
(3)+(2),gives%:a:ap:q .............. 4)

Putting (4) in (2), we get

q:%z—lor pq=0z—por p(q+1)=0?

Which is the required partial differential equation.

1 1
6.Form the differential equation by eliminating a and b from 2z=(x+a)z+(y—-a)z+b

1 1
Sol: We have 2z =(x+a)2+(y—-a)2+b.............. (1)
Differentiating (1) partially w.r.t. ‘x”and “y’, we have,
ZQ:Zp: L = ! =4p
OX 2Jx+a /x+a
or \/x+a=i
4p
or Xx+a= >— (2)
0z 1
And 2— = or2q= or,/ —a=—
y-a 2Jy-a y 4q
1
V-O=———> . ... 3
y—¢q 16q2 (3)

Adding (2) and (3), we get
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MATHEMATICS -II PARTIAL DIFFERENTIAL EQUATIONS

NERVIN BE
y 16 p2 q2

or16(x+y)p’g’ = p*+0°

Which is the required partial differential equation.

7.Form the partial differential equation by eliminating the arbitrary constants a and b
from z=ax®+by®

Sol: We have z =ax®+by* — (1)

Differentiating (1) partially w.r.t. ‘x” and ‘y’, we get

0z

Z _zax’orp=3axi=a=—t—— (2
oX P - 3x2_)()

0z q
And —=3by’orq=3by’ =>b=—-—> (3
oy Dy ora=3by 3 (3)
Putting the values of ‘a’ and ‘b’ from (2) and (3) in (1), we get

z:£x+ﬂy

3 3
Or

3z = px+qy

8.Form the partial differential equation by eliminating the arbitrary constants a and b
from z = (x> + a) (y* + b)

Sol:The givenequationz = (x2+a) (y* +b) —————— — — — — (D
Differentiating (1) w.r.t., x
0z
p=-=2x(y?+b)————~———— - (2)
(v*+b) =~

Differentiating (1) w.r.t., y,we get

==y (P Ha)——— === 3)

v (xt4a) = €
2y

Substituting in (1) we get z = % implies that

pq —4xyz =0

Which is the required partial differential equation.
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9.Form the partial differential equation by eliminating the arbitrary constants from
(x—a)®>+ (y—b)? =z%cot’a
Sol:Given (x — a)? + (y — b)? = z%cot? a........ (1)
Differentiating (1) w.r.t., x
(x—a) =zpcot?a
Differentiating (1) w.r.t., y
(y—b)=zqcot?’a
Substituting (2),(3) in (1),we get
(zp cot? @)? + (zq cot? @)? = z% cot? a

~The required Partial differential equation is

p? + q? =tan’a

2 2 2
10.Form the partial differential equation by eliminating a,b,c from x_+y +==1
a’ ¢’

2 y2 ZZ
Sol : Given —+5+—=1.....(1)
a b
Differentiating (1) partially w.r.t. ‘x” and ‘y’.

ﬁ gp Oor—+—p 0= (2
a* a?

2y y
And —+— 00r—+— 0- (3
2tz 0=000 5+ 70=0(3)
Since it is not possible to eliminate a, b, c from equation (1), (2) and (3). We require one
more relation.

Differentiating (2), partially w.r.t. ‘x’, we get

ERET( N EYERE Sl
a2 2 ox a2 ¢ ox* ¢

2

..é+ci2.zr+s—2:0—> (4)

Multiplying (4) by ‘x’ and then subtracting (2) from it, we get

xp®  z 1 _
?.r o ahe 0 or C—(xzr+xp ~2p)=0
. Pz =Xp® + Xzr

Which is the required partial differential equation.
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Formation of the partial differential equation by the elimination of arbitrary functions:
Derive a p.d.e by the elimination of the arbitrary function¢ from ¢(u,v) =0 where u, v are

functions of x, y and z.
#(u,v)=0 ....(1)
Differentaite partially equation (1) w.r.to. x,y

6¢ ou au@ 6¢8v oV 0z
ou ax 07 OX av ax 62 ax

AR

+ 0...... 2
ou \ ox oz oV \ OX pazj @

and %(%q j 6¢(%qu 00 (3)
oaloy "oz ) avley ez

Eliminating o¢ and o¢ from (2) and (3)
ou ov

6_u aup o avq au+q6_u [aeravpj
oy oz oy oz oy oz )\ ox oz

m[wmaumj(mwawq ouév  auov

+ p+
oyoz oz oy OX 0y 0Oy oX
is the P.D.E after the elimination of ¢ from ¢(u,v)=0. Written in a simpler form

o(u,v)  o(u,v) _d(u,v)
p+ q=
o(y,z) " a(z,x)" o(xy)
Above equation is generally written as pP+qQ=R where

_Ouov ouov . ouov auavan _duov ouov
8yaz oz oy’ 0L OX OX 0z 6x8y 0y OX

Solved Problems

0z OX OX 0z

1.Form a partial differential equation by eliminating the arbitrary function

z=f(x*+y%)
Sol: We have z = f(x% + y?) .....(1)

Put u=x*-y? wehave z=f (u)— (2)

Differentiating (2) partially w.r.t. ‘x’ and ‘y’,

0z ou
Zf_ ¢t
OX (u) OX

sp="fi(u)2x— (3)

= f'(u).2x

And %: fl(u).%uz ft(u).2y
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sq=f(u)2y > (4)

f
~.(3)+(4), gives Ep: T —

Sopy—-gx=0

Which is the required partial differential equation.
2. Form a partial differential equation by eliminating the arbitrary
functiongp(x? + y%,z—xy) =0
Sol:  Given p(x?+y%,z—xy)=0
This can be written as z — xy = f(x? + y?)-------------- (1)
Now we have to eliminate f from (1)

Differentiating (1) w.r.t., x
0z

e f(x*+y*)(2x)

p—y=[f"+y)2x)--- (2
Differentiating (2) w.r.t., y
q—x=fx*+y>)Q2y)-—- 3)
Dividing (2) by (3)
py-ax=y?=x?
Which is the required partial differential equation.

3. Form a partial differential equation by eliminating the arbitrary function
from z=f (X" =y*)
Sol :We have z=f (x* - y*)= (1)
Put u=x*—y?* wehave z=f (u)— (2)

Differentiating (2) partially w.r.t. x’and ‘y’,

%: fl(u).g—iz f*(u).2x
sp=fi(u)2x— (3)

Similarly we get

q=—f" (u)2y(4)
~(3)+(4), gives s = _iy

“px+qy=0
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Which is the required partial differential equation.

4. Form the partial differential equation by eliminating the arbitrary functions from
xyz = f (x2 +y2+22)
Sol: We have xyz = f (X’ +y*+2°) > (1)
Differentiating (1) partially w.r.t. x and y

0z
z+xy.p=fHx*+y*+2%).| 2x+2z.—
yz+xy.p=f*(x"+y )( 8xj

(or) yz+xyp = fl(x2+y2+zz).(2x+22p)—> (2)
And xz+xy.q= (X’ +y*+2°).(2y+22.q) > (3)

~.(2)+(3), gives

YZ+XYyp  2X+2zp
XZ+Xyq 2y+2zq

(yz+xyp)(y+2a)=(xz+xyq)(x+zp)
V2Z+22yq+ Xy? p + Xyzpq = X°z + X2zp + X° yq + Xyzpq

x(yz—zz) p+y(zz—x2)q =(x2—y2)z

Which is the required partial differential equation.
5. Form the partial differential equation by eliminating the arbitrary functions

from xyz = f(x+y+z)

Sol: Given equations xyz = f(x + y + z)--------- (1)
Differentiating (1) partially w.r.t. ‘X’
yxp+z) = f'(x +y + 2)(A +p)-------- )
Differentiating (1) partially w.r.t. X’
X(yq+z)=f(x+y+2)(1+ g (3)

Dividing (2) by (3) L22+2 = 12

Yxp+2)(1+q) = x(yq+2z)(1+p)
(xy—zx)p+ (yz—xy)q = zx — yz

x(y—2)p+y(z—x)qg=2z(x—-y)

Which is the required partial differential equation.

6. Form the partial differential equation by eliminating the arbitrary function
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z
from xy+yz+zx=f (—j
X+Y

Sol : We have Xy + Yyz+ZX = f(iJe (1)
X+Yy

Differentiating (1) partially w.r.t. ‘x’ and ‘y’, we get

Y+Y.p+Z+XPp= f{ z j[(x+y).p—z]_)

X+Yy (x+y)2 @
And x+z+yq+xq:f1( : j[(x+y)q2—z:|_)(3)
X+Yy (x+y)

Dividing (2) by (3), we get

(x+y)p+y+z:(x+y)p—z
(x+y)g+x+z (x+y)q-z

is the required partial differential equation.

7.Form the partial differential equation by eliminating the arbitrary function
from 2= f (X)+e’.g(x)

Sol: We have Z = f (x)+ey.g(X)—> (1)

Differentiating (1) partially w.r.t. “x” and y, we get

e or D B84
X

0z
And 4=2"g(x)or 5=ey-9(><)+ ©)

Differentiating (3), partially w.r.t. ‘y’, we get
0 ¢9(x) 0z
e o 9= using (3)]
oy oy
2

A

o oy
St—gq=0

Which is the required P.D.E.

8.Form a partial differential equation by eliminating the arbitrary
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function @(x? + y? + z%,ax + by + cz) = 0
Sol: Given function can be written as

X’ +y*+z22=f(ax+ by +¢€2z) ceeecevcee e e e (1)

Differentiating (1) partially w.r.t. ‘x” and ‘y’,we get

2x+2zp = (a+ cp)fi(ax + by + cz) ....(2)
and
2y +2zq = (b + cq)f'(ax + by + cz) ....(3)

@

implies
3) P

x+zp _ (a+cp
y+zq - (b+cq)

Which is the required complete solution of given Partial differential equation.

Solution Of Partial Differential Equations :
Complete integral:

A solution in which the number of arbitrary constants is equal to the number of independent

variables is called complete integral or complete solution of the given equation.
Particular integral :

A solution obtained by giving particular values to the arbitrary constants in the complete
integral is called a particular integral or particular solution.
Singular integral:

Let f(Xx,y,2,p,0)=0— (1) be the partial differential equation.

Letg(x,y,z,a,b)=0—= (2)

be the complete integral of (1). Where a and b are arbitrary constants.
Now find %:0—> (3) %=0—> (4)

oa ob

Eliminate a and b between the equations(2), (3) & (4) When it exists is called the singular
integral of (1).
General integral : In the complete integral (2). Assume that one of the constant is a function

of the other i.e. b = f(a) Then (2), becomes ¢(x,y,z,a, f (a))=0— (5)

Differentiating (5) partially w.r.t. ‘a’, we get% +%. ft (a) =0—> (6)
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Eliminate ‘a’ between (5) and (6), when it exists is called the general integral or general

solution of (1).

Linear Partial Differential Equations Of The First Order:

A differential equation involving partial derivatives p and g only and no higher order
derivatives is called a first order equation. If p and g occur in the first degree, it is called a
linear partial differential equation of first order; otherwise it is called a non-linear partial
differential equation of the first order.

For example: px+qy® =z is a linear p.d.e of first order and p*+q*=1 is-non-linear

Lagrange’s Linear Equation:
A linear partial differential equation of order one involving a dependent variable z and two

independent variables x and y of the form Pp+Qg=R

Where P, Q, R are functions of x, y, z is called Lagrange’s linear equation.

Lagrange’s auxiliary equations or Lagrange’s subsidiary equations

The equations d—; = dy = @ are called Lagrange’s auxiliary equations.
Working Rule To Solve Lagrange’s Linear Equation Pp + Qq = R
Step 1: Write down the auxiliary equations X = 7 = a

P Q R
Step 2 : Solve the auxiliary equations by the method of grouping or the method of multipliers
or both to get two independent solutions u = a and v = b where a, b are arbitrary constants
Step 3: Then @(u, v) = 0oru = f(v) is the general solution of the equation Pp + Qq = R

dx  dy  dz

P(x,y,2) Q(xY,2) R(xY,2)

(i) Method of grouping : In some problems, it is possible that two of the equations 9 =dY or
P Q

To solve

%zﬁ or d_PX:%Z are directly solvable to get solutions wu(x,y) = constant
R

or v(y, z) =constant or w(x, z) =constant. These give the complete solutions of (1)
Sometimes one of them, say 9 _ 9 may give rise to solution u(x,y) = c1
P Q

From this we may express y, as a function of x. Using this in dy _ 92 ang integrating we get
Q R

v(y, z) = c2. These two relations u = c1, v = ¢, give the complete solution of (1)

(i1). Method of multipliers: This is based on the following elementary result.
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If & _2 _3 _  _ 2 theneach ratio is equal to h&tha +...+ha,

b, 3 3 b, b +1,b, +....+1.b,
Consider 9 _dy _dz
P Q R

If possible identity multipliers [, m, n not necessarily constant, so that each ratio

_ldx+mdy +ndz

IP+mQ+nR
Where [P + mQ + nR = 0 Then ldx + mdy + ndz = 0
Integrating this we get u(x,y,z) = c1.
Similarly we get another solution v(x,y,z) = c2 independent of the earlier one.

We have the complete solution of (1) constituted by u = c1 and v = c2

Solved Problems

1. Solveptanx +qtany = tanz

Sol :  The given equations can be writtenas tanxp+tanyg=tanz — (1)

Comparing with Pp + Qq = R, we have P=tanx,Q=tany,R=tanz

~. The auxiliary equations are _ @ *
tanx tany tanz
. . X
Taking the first two members, we have . = .
tanx tany

Integrating logsinx=logsiny+logc,

sin x sin x
or log——=logc, or —=¢, —> (2)
siny siny
Taking the last two members, we have dy = _de
tany tanz

Integrating, log siny = log sinz + logc2

sin sin
or log—— y:Iogc or —— Y_¢, > (3)
2 2
sinz sinz

From (2) and (3). The general solution of (1) is

¢(01'C2) =0

i e.¢(s_lﬂ,8|_n—yj =0 is the required Complete Solution.
siny sinz

2. Find the general solution of y?zp+x°zq = y°x
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Sol:  We have y’zp+x°zq=y*’x— (1)
Comparing with Pp + Qq = R, we have
P=y?z2,Q=x°z, R=y’x

- . dx
. The auxiliary equations are — =——=——

Taking the first two members, we have
d_2><:d_2y:>d_>2<:d_32/0rxzdxz y’dy
yz Xz y° X

3

Integrating X—3 = yyjtcl or X—S—y— =c,— (2)
'3 3 3 3

Taking the first and last two members, we have

d_zx:d_zzor xdx = zdz

y'z yX

X2 7 x?  z?
Integrating — =—+c¢, or — ——=c¢*— (3
grating —-=—-+¢, or —-—— (3)

From (2) and (3) The general solution of (1) is
#(c.c,)=0ie

3. Solve pVx+qy=+z

Sol:  The given equation can be written as
Ixp+yg=+z —(1)

Comparing with Pp+Qg=R, we have

P=Jx.Q=.y,R=+z
dx dy :E

.. The auxiliary equations are —= =—=

NN

dx _dy
N
Integrating, 2\/§=2 y+c, or 2&—2ﬁ=qor &—ﬁzfﬂ—) (2

From the last two members, we have ﬂ = E

NG
Integrating, 2\/§:2\/Z+c2 or Z\N—Zﬁzcz
or\y —vz=b— (3)
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From (2) and (3). The general solution of (1) is
#(a,b)=0ie,

¢(&—ﬁ,ﬁ—ﬁ) =0 is the required Complete Solution.

4, Solve x(y—z)p+y(z—x)g=z(x—y)

Sol: We have x(y—z)p+y(z—x)q=2z(x-y)—> (1)
Comparing with Pp + Qq = R, we have
P=x(y-2),Q=y(z-x),R=z(x-y)

.. The auxiliary equations are  __dy _ &

x(y-z) y(z-x) z(x-y)

Using I = 1,m = 1,n = 1 as multipliers, we get

dx dy dz dx +dy+dz
= = = SX(y—-z)+y(z—x)+z(x-y)=0
sdx+dy+dz=0

Integrating, x+y+z=a— (2)

. . 1 1 1 A ..
Again using | ==,m=—=,n== as multipliers, we get
X z

y

1dx+1dy+1dz

Each fraction == yo 2 = k(say)

.'.de+1dy+1dz=0
X y z

Integrating, logx + logy + logz = logb.or xyz=b....... (3)
From (2) and (3). The general solution of (1) is

#(a,b)=0ie,
#(x+y+1z,xyz)=0is the required Complete Solution.
5. Solve X*(y—z)p+y*(z—x)q=2*(x-Y)
Sol:  Given x*(y—z)p+Y*(z—x)q=2*(x—y)— (1)
Comparing with Pp + Qq = R, we have
P=x*(y-2),Q=y*(z-x),R=2*(x-Y)

- The auxiliary equations are — o = dy = dz

x> (y-z) y*(z-x) z*(x-Y)
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Using | = iz,m = iz n= iz as multipliers, we get
X y z
izdx+i2dy+i2dz
Each fraction == 5 Z =k(say)

Integrating,—l—l—lza or —+—+-—=c¢,—(2)
X y z
L 1 1 .
Again using | ==,m==,n== as multipliers, we get
X y
1
;dx+—dy+—dz

Each fraction =

.'.ldx+1dy+1dz =0
X y z

Integrating log x+1logy+logz =logc,
orxyz=c, — (3)

From (2) and (3), The general solution of (1) is .

1
¢(;+§+? xyzj =0 is the required Complete Solution.

6. Solve (mz—ny) p+(nx—Iz)q =1y —mx

Sol:  Giveneqnis (mz-ny)p+(nx=Iz)q=ly—mx— (1)

Comparing with Pp + Qq = R, we have
P=mz—ny,Q=nx—1z,R=1ly—mx
.. The auxiliary equations are

dx .dy  dz
mz—ny nx—Ilz ly—mx

Using | = x,m = y,n = z as multipliers, we get

Each fraction = xdx + y(O)Iy +2dz

SoXdx+ ydy +2zdz=0

X2 yZ 2
Integrating, o =aor X +y’+2°=c, - (2)

Again using [, m,n as multipliers, we get
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Each fraction = W = k(say)

sldx +mdy +ndz =10
Integrating, IX+my+nz = C,—> @1
From (2) and (3), the general solution of (1) is

2 2 2 —
#(X° +y* +2% Ix+my+nz) =0 is the required Complete Solution.

7. Solve xp—yq=y*—x*
Sol: Here P=x,Q=y,R=y*—x°
dx dy  dz

- The auxiliary eqn’s are —=—=———
X =y ¥y =X

From the first two members, dx = dy
N

Integrating, logx+logy =logc,orxy=c, — (1)
Using | = x,m = y,n = 1 as multipliers, we get

xdx + ydy +dz
0

Each fraction =
SoXdx+ydy+dz=0

1, 1, o 2., .2 3
Integrating, EX +Ey +Z=Ccorx +y +2z=¢,—> (2)

From (1) and (2), The general solution is

2 2 \
#(xy, % +y* +22) =0 is the required Complete Solution.

8. Find the integral surface of x(y*+z)p-y(x*+2z)q=(x*-y*)z
Which contains the straight line x+y=0, z=1
Sol: Given that x(y2+z) p—y(x2+z)q :(xz—yz)z ........ (1)
Comparing with Pp + Qq = R, we have
P:x(y2+z),Q:—y(x2+z),R:(x2—y2)z

.. The auxiliary equations are

dx dy _dz
X(y*+2) - —y(x*+2) - (x*-y?)z
Using | :l,m :E,n =1as multipliers, we get
X y z
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1dx+£dy+1dz
Each fraction = X y z
0

.'.ldx+£dy+1dz:0
X y z

Integrating, logx+logy+logz=Iloga
or xyz=a— (2)
Again using [ = x,m = y,n = —1 as multipliers, we get

xdx + ydy —dz

5 =k(say)

.. Each fraction =

s xdx+ydy—dz=0

2 2

Integrating, X?+y7—z =corx’+y’-2z=b— (3)

Given that z = 1, using this (2) and (3), we get

xy=aand X¥>+y*—-2=D
Now b+2a=x* +y? —2+2xy = (X+ y)2—2:0-2 [.x+y=0]=2
s2a+b+2=0

Hence the required surface is

2 2
X" +y —22+2xyz+2=0 is the required Complete Solution.

9.Solve px+qy =2z
Sol:Given px + qy = z is a Lagrange’s linear equation
The Auxillary equations are

dx dy dz

x y z

By Consider first group, we get

fdx_ dy
x )y

logx = logy + logcl
¢, = i.....(l)

By Consider second group, we get
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fdz_ dy
z )y

logy = logz + logc2

¢, = g.....(z)

- f(y,z) = 0 isthe required solution.

10. Solve (x*? —y* —yz)p+ (x* —y* —xz)q = z(x — y)

Sol: The auxiliary equations are

dx _ dy _ dz
(x2—y2—yz) (P -y?=x2) z(x—y)

Taking 1,-1-1 multipliers,we get

dx—-dy—-dz _ dx
(x2-y2—yz—x2+y%+xz—-xz+yz) (x*-y%-yz)

dx —dy—dz=20
Integrating,we get
X—Y—Z=Cpeeeenrnn. (1)
Taking x, —y, 0 as multipliers,we get

xdx — ydy _dz
(x3 —xy? —xyz—yx2+y3 +xyz) z(x—7y)

xdx —ydy  dz
2=y =y) z(x—Y)

1
Elog(x2 —vy%) =logz

2_ .2

T =g (2)

72

. ; ; ; x2-y? _
~Complete solution of given pde is ¢ (x —y =z ) =0

11. Solve x(y? — z%)p — y(x? + z%)q = z(x? + y?)

Sol: The auxiliary equations are
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dx _ dy _ dz
x(y2 =22 —y(x?+22)  z2(x?+y?)

Taking x, y, z, multipliers, we get

xdx+ydy+zdz dx

(x2y2—x222 —y2x2 —z2y2 42222 +y222) x(y?-22)

xdx +ydy + zdz =0
X2+ Y2+ 22 =0 v v e (1)

- 1 11 T
Taking 7 multipliers, we get
-ldx+ldy+ld2= 0

X h% z

Integrating, we get

From (1),(2),

Complete solution of given pde is ¢ (’;—Z X2+ y? + zz) =0

12. Solve (y*)p — xyq = x(z — 2y)

Sol: Comparing with Pp + Qq = R, we have

The auxiliary equations are

dx _ dy _ dz
y: -yx x(z-2y)

From the first two members, we have

dx _dy
y =X
Integrating,we get
x2+y2=c.....02)
From the last two members, we have
dy dz
-y -2y

—ydz = zdy — 2ydy
d(yz) —2ydy =0
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From (2) and (3). The general solution of (1) is
e @(yz —y% x% +y%)=0
13.Solve (y+z)p+ (z+x)g=(x+y)

Sol:Comparing with Pp + Qq = R, we have

The auxiliary equations are

dx _ dy _ dz
y+2)  (z+x)  (x+y)

dx+dy+dz _ dx-dy _ dy-dz
2(x+y+z)  (y-x) (z-y)

Taking 1,1,1 and 1,-1,0 and 0,1,-1 as multipliers , we have

From the last two members, we have
dx —dy dy—dz
y—x) (z=)

Integrating,we get

(v —x)
(z—-y)

log =logC,

(y—x)
(z—y) = 2(1)

From the first two members, we have
dx +dy+dz dx—dy
2c+y+2z)  (y—x)

Integrating,we get

1
Elog(x +vy+2z) =log(y —x) +logc,

x+y+2)y—x)2=cpennnn.n. (2)
From (2) and (1). The general solution of given pde is

e, 0( =2, (x +y + 2y = x)?)=0

14. Solve x*p — y?q = z(x — y)

Sol:Comparing with Pp + Qq = R, we have

The auxiliary equations are
dr _dy _ _dz
a2 —y2  (z(x—Y)
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From the first two members, we have
dx dy
Wy
Integrating,we get
1
Taking 1,1,0 as multipliers,we get

dx+dy_ dz
x2-y2  (z(x-)
dx+dy — dz
(x+y)(x-y) (z(x-y)

dx+dy_dz
(x+y) =z

Integrating,we get

x+y
VA

=C .

From (2) and (1). The general solution -is
x+y 1 1, _
O t)0

15. Solve (x% — yz)p + (y* — xz)q = (2% — xy)

Sol: The auxiliary equations are

dx _ dy _ dz
(x%-yz)  (y?-xz) (2%-xy)

Taking 1,-1,0 and 0,-1,-1 as multipliers,we get

dx—dy dy—dz
(x%2=yz)-(y?~xz) anigalso ((=z2+yx)+(y?-x2))
. dx—dy _ dy—dz
” (x2-yz)=(y2-xz) = ((=z2+yx)+(¥%-x2))

d(x-y) Q dy—-dz
(x=-y)(x+y+z)  (Y=2)(x+y+2))

solving it,we get

(x=y)_

- =cy.....(1)

Taking x,y,z and 1,1,1 as multipliers,we get
(xdx+ydy+zdz) _ (dx+dy+dz)

x3+y3+2z3-3xyz x2+y2+z2—xy-yz—zX

(xdx+ydy+zdz) _ (dx+dy+dz)
(x+y+2)(x2+y2+2z2—xy—yz—zx) x%2+y2%+z%2-xy—yz—zx

(x+y+2z)(dx+dy+dz) = (xdx + ydy + zdz)
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x+y+2z)d(x+y+2)=(xdx+ydy + zdz)
Integrating,we get
(x+y+2)? x*+y*+27°
2 2
ax+y+2)2=x2+y*+z%+¢

+c

Xy +yz+zx =cy.....(2)

Complete solution of given pde is ¢ (xy +yz + zx, —(;:’Z’)) =0

Non-Linear Partial Differential Equations Of First Order
A partial differential equation which involves first order partial derivatives p and g with

degree higher than one and the products of p and q is called a non-linear partial differential
equations.

Non linear PDE’s can be classified in to 4 standard forms.

Standard Form I:

Equation of the form f(p,q) = 0 ( i.e., equations containing p and g only) :

Given partial differential equation is of the form f(p,q) =0 ...... (1)

Procedure:

Given partial differential equation is f(p,q) =0 ... ... (D

Stepl:Put p = ain (1), then we get q value in terms of a then we can obtain ‘p’ value.
Step2:Substitute p, g values in dz = p dx + q dy

Step3:Integrating it ,we get required complete solution of (1) .

Solved Problems

1.Solve pq = k, where k is a constant.

Sol: Giventhat pq = k .... (1)

Since (1) is of the form f(p,q) =0

Putp =ain(1),wegetq = S

Now substitute p, g in

dz = pdx +qdy then
dz=adx + S dy

Integrating,we get
k
Z=ax+—y+cC
a

which contains two arbitrary constants a and c.
2.S0olve p? + q% = npq
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Sol : Given that p? + g% = npq ... e o ve.. (1)
Since (1) is of the form f(p,q) = 0

Putp = a in (1),then we get g = %[n +Vn2 — 4]
Now substitute p, g in

dz = pdx+qdy

= adx+§[ni-m]dy

Integrating,we get , dz = a [ dx +%[n +VnZ —4|[dy

z :ax+%[ni\/n2—4Jy+c

This is the complete integral of (1), which contains two arbitrary constants a and c.
3.Find the complete integral of p? + q? = m?
Sol: Given that p% + ¢ = m? ........(1)

Since (1) is of the form f(p,q) = 0

Putp = ain (1),we get ¢ = Vm? — a?

Now substitute p, g in

dz = pdx+qdy....... (2) then
dz = adx +q =Vm? — a2 dy

Now integrate on both sides
z =ax+(x/m2 —az)y+c

Which is the complete integral of (1)

Standard Form 11 :

Equation of the form f(p, q,z) = 0(i.e., not containing x and y)
Procedure :

Given partial differential equation is of the form f(p,q,z) =0 ... ... (1)
Stepl:Put p = agq in (1),then we get g value in terms of a, z then
Step2:Substitute p,q valuesin dz = pdx+qdy

Step3:Integrating it ,we get required complete solution of (1) .

Solved Problems :
Solve the following partial differential equations

1. z=p*+q* 2.p*2* +q*=p®’q 3.zpq=p+q
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Sol : 1. We have z = p?+¢q°....... (1)
Since (1) is of the form f(z,p,q) =0

Putp = aq in (1),then we getq = «/1+Za2

. . Z
fPEATr e

Putting the values of pand qindz = pdx + q dy , we get

Lgz =1L
ZY T e

(adx + dy) ,

Integrating ,we get

fld— L fd d
N v A 4

1
2Vz = m(ax+y)

which is the required solution of (1)
2. Given that p®z®+q”=p°’q— (1)
Since (1) is of the form f(z,p,q) =0

(a?z%+1)
7P

@z’ + 1)
B a

Putp = aq in (1),then we getq =

Putting the valuesof pand gindz = pdx + q dy ,we get

dz
(a?z?+1)

1
== (adx + dy)
Integrating,we get

| ey = adx + dy)
~atan"l(az)=ax+y+c
which is the required complete solution of (1)
3. Giventhat zpg =p +q.....(1)
Since (1) is of the form f(z,p,q) =0

a+1

Putp = aqin (1),then we get q = —

a+1
VA

Putting the values of pand qindz = pdx + q dy , we get

a

zdz :%1 (adx + dy) ,
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Integrating ,we get

a+1
fzdz = f(adx+ dy)

aZ?

mzax+y+c

This is the required solution of (1)

Standard Form 111 :

Equation of the form f (x,p)=f,(y,q) ie. Equations not involving. z and the terms

containing X and p can be separated from those containing y and g.

We assume that these two functions should be equal to a constant say K.
~h(xp)=1,(y.q)=k
Solve for p and g from the resulting equations
- f(x p)=kand f,(y,q)=k
Solve for p and g, we obtain
p=F(xk)andq=F,(yKk)
Since z is a function of x and y

dz = Zax+ Z gy [By total differentiation]
OX oy

dz = pdx+qdy
~dz=F(xk)dx+F,(y,k)dy
Integrating on both sides
z :IFl(x,k)dx+'[F2(y,k)dy+c
Which is the complete solution of given equation
Solved Problems:
1. Solve p*+0°=x+y
Sol :. Giventhat p*>+q° =X+Y ........... (1)
Separating p and x from q and y, the given equation can be written as
p*—x=—q"+y
Let p®—x=-g°+y=Kk (constant)
~pP-x=kand —q*+y=k
= p*=k+xand g°=y—k
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s p=vk+xand g=.y—k

. 0z 0z
Since dz=—dx+—dy = pdx+qd
o Py y=p qay

~.dz=vK+xdx+4y—kdy

Integrating on both sides

z=I(k+x)% dx+I(y—k)% dy+c

oz :g(k+x)g+§(y—k)g+c

Which is the complet solution of (1)
2. Solve xp-yq=y*—x?
Sol: Giventhat xp—yq=y*—x*—(1)
Separating p and x from g and y. The given equation can be written as.
Xp+ X = yq+y?
Let xp+x*=yq+y> =k (arbitrary constant)
S Xp+x2 =k and yq+y* =k
2

_ D /2
:>p=kXX andq:k (

0z 0z
We have dz =—dx+—dy = pdx+qd
Y x oy y=1p gay

sodz =(K—x)dx+[3—yjdy
X y

Integrating on both sides

z :I(g—dex+I(5—y]dy+c

2

x? y
=klogx——+klogy—=<—+c
g > gy 5

S Z= klog(xy)—%(x2+y2)+c

Which is the complete integral of (1)
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2 2
3. Solve (£+x] +(ﬂ+ y) =1
2 2
Sol: Separating p and x from q and y, the given equation can be written as.

(3 =3+

2 2
Let (§+ xj :1—(g+ yj =k? (arbitrary constant)

2 2
.'.(£+xj =k? and 1—(g+yJ =k?
2 2

2
:>§+x:k and (%+yj =1-k’or %+y:\/1—k2

= p=2(k—x) and q=2[\/1—7—YJ

We have dz =gdx+gdy= pdx + qdy
OX oy

- dz = 2(k — x)dx + 2[\/1— K - y}dy
Integrating on both sides

z= ZI(k—x)dijZ_[[\/l—k2 —y}dy+c
7 =2(kx—x?2)+2[(\/1—k2)y—y?2}+c

.'.z=2kx—x2+2(\/1—7)y—y2+c

This is the complete solution of (1)

4.50lve p — x* = q + y*?

Sol:Let p —x? = q + y? = k?(say)

Then p —x? = k? and q + y? = k?
~p=k?*+x?and q = k? + y?

But we have

0z oz
dx+—dy = pdx + qdy
oy

dz=—
X Integrating,we get
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3 3
z="+Kix+ kPy +7- +c

is the required complete solution.

5. Solve g2 —p=y—x
Sol: Let p — x = q2-y = k(say)

Thenp=k+xandq=,k+y

But

dz = & dx+%dy: pdx + qdy

X Integrating,we get

x? 2 3
Z=7+kx+5(k+y)2 +C

is the required complete solution.
6.Solve q = px + p?
Sol:Let g = px + p? = k(say)
Then we get
p’+px—k=0andq=k
Solving,we get

_ —xt(x2+4k
2

andg =k
But
de+a—zdy = pdx +qdy

ox oy Integrating,we get

S SRS L oW inh—1(2_
z=——+-[5(x* + 4k + 2k sinh (2\/%)+ky+C

is the required complete solution.

dz =

STANDARD FORM V:Z = px+ qy + f (p,q)
An equation analogous to the clairaut’s equation it is complete solutionis Z = ax + by + f (a,b)
which is obtained by writing a for p and b for q The differential equation which satisfies some

specified conditions known as the boundary conditions.The differential equation together with
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these boundary conditions, constitute a boundary value problem

Solved Problems:
1. Solve z = px + qy + pq
Sol : The given PDE is form IV
Therefore complete solution is given by
z=ax+ by +ab
2. Find the solution of (p+q)(z—px—ay)=1

Sol: The given equation can be written as

1
Z—px—gy=—-
p+dq

7= px+qy+i—>(1)
P+q

Hence the complete solution of (1) is given by

1
Z=ax+by+——
a+b

3. Solve paz=p?(gx+p?)+q(py +q?)

Sol: The given equation can be written as

2 2
pgz = pzq(X+p—J+q2p[y+q—J
q p

2 2
p(xw_}q[yﬁ_j
! p

3 3
7= px+qy+(p—+q—j—> 1)
q p

Since it is in the form z = px+aqy+ f (p.q)

Hence the complete solution of (1) is given by

3 3
Z=ax+by+—+—
b a

4.Solve z = px + qy + pq + ¢*

Sol: We have z = px + qy + pq + g% .o v cev ee .. (1)
Since (1) is of the form z = px + qy + f(p, q).
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Hence the complete solution of (1) is given by
z=ax+by+ab+b?.....(2)
For singular solution, differentiating (2) partially w.r.t. a and b, we get

0z 0z

£:0,%:0,

Implies that

0=x+b...3) and 0=y+a+2b........(4)
Eliminating a, b between (2), (3) and (4), we get
z=x2x—vy) —xy— Q2x —y)x + x?

NZ=X

is the singular solution

Equations Reducible To Standard Forms:

Equations of the form f(x™p, y"q) = 0 where m and n are constants

The above form of the equation of the type can be transformed to an equation of the form f(p,q)=0
By substitutions given below.

Case (i):-whenm # 1andn # 1

PutX =xandY = y'™ thenp = —Zi = —Z}Z( —zi =P(1 —m)x ™ whereP = Z—i
m P(1 ) J dz 0Z oY a Yy-"wh 0Z . a
= _— _—— —— = —_— —_ j—
x™p m) and q 3 aa—Q n)y wereQ—a -ytq=Q(1—n

Now the given equation reduces to f[(1 — m)P, (1 —n)Q] = 0 which is of the form f(P,Q) =0
Case(ii):-whenm=1,n=1

PutX = logx andY = logy then

9z _0z0X _ 0Z1 implies x—P—whereP—a—Z
Tox  oxox  oxx TP px == ~ ox

0z
similarly qy =Q whereQ = a7

now the given equation reduces to the form f(P,Q) =0
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Equations of the form f(x™p, y"q,z) = 0 where m and n are constants:
This can be reduced to an equation of the form f (P, Q, z) = 0 by the substitutions given for the equatig

F(x™p,y™q,z) = 0 as above.

Solved Problems:
X2 y2

1. Solve the partial differential equation —+—=z
P q

Sol:  Given equation can be written as
Xpteyqt=zor(x? p) +(y*2q)7l =z (1)
This is of the form f (x‘“ p,y"q, z) =0withm = =2,and n = —2.

Put X =x*"=x" =xand Y =y"" = y*? = y?

Then ngzﬁ a—X—P?,x where P—g
oXx 0OX OX oX
S X?p=3P
and q= @=ﬁﬁ_ng where Q——
oy oY oy oY
y“q4=3Q

Now equation (1), becomes.
(3P)"+(3Q) =2 ()
Since (2) is of the form f(P,Q,z)=0

(a+1)
az

_(a+1)
3z

Put P = aQ in (1),then we get Q =

Putting the values of Pand Q indz = P dX + Q dY ,we get

3az

—dz = (adX + dY)
Integrating,we get
[Z£dz=(afdX +[dY)

3az?

m:(aX-FY)-FC
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~.32% = 2(6%1)(% +ay’)+c,

a+1

taking ¢; = 2(—)c
Which is the required solution of (1)

2. Solve the partial differential equation £2+i2
X

y

=z
Sol:  The given equation can be written as

pxF+ayt=z— (1)
Since (1) is of the form f (x'“ p,y"q, z) =0Withm = —-2,and n = -2

Put X — X1—m — X3, and Y — y1—n — y3

Now ngzﬂ a—X—P3x where P—a—Z
ox OX Ox oX

. X?p=3P

and = Q:ﬂ ﬁ—Q’o’y where Q——
oy oY oy oY

S yq=3Q

Equation (1) becomes, 3P +3Q =z — (2)

Since (2) is of the form f(P,Q,z)=

z

PutP = aQ in (1),then we get Q = ss

_ az
" 3(a+1)

Putting the values of Pand Q indz = P dX + Q dY ,we get

dz

zZ

- (adX +dy)

Integratlng we get

dz
z 3(a+1)

(afdX+ [dY)

(aX+Y)+C

1
logz =351

:>Iogz=3(1+a)(x3+ay3)+c

This is the complete solution of (1)
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3. Solve gy* =z(z—- px)

Sol:  Given equation can be written as

q’y* =z - szor(xp)z+(qy)2 =22 >

Since (1) is of the form f (xm p,y"q, z) =0withm=1andn=1
Put X =logx and Y =logy

Now p=g=g%—P1 where P:z
ox 0X oOX X oX

SXp=P

oz oz oY
dg=2="22_— he =
and g YR A Qyw re Q Y
~qy=Q

. Equation (1), becomes, Pz+Q% =1z —(2)
Since (2) is of the form f (P,Q,z)=0

[—a +Va?Z + 4]
B N o

Put P = aQ in (1),then we get Q =

NN

Putting the values of Pand Q indz = P dX + Q dY ,we get
Z = [-a+ Va® ¥ 4](adX + dY)
Integrating we get
—= —[ atVaZ+4|(afdX + [ay)
logz = E[—a ++VaZ +4|(aX +Y) +c

. logz = %[—a +VaZ+4](ax® +y3) +c

Which is the complete integeral of (1)

4, Solve the partial differential equation px* + y?zq = 2z°

Sol: Giventhat p*x*+y®zq=2z°

Then given equation can be written as

( pxz)2 +(qy2)z =272 > (1)

Since (1) is of the form f (x’“ p,y"q, z) =0 with m=2 and n=2
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PUt X =X ™ =x? = x =L and Y = y =
X

NowP:Q:g%—P - , Where P:E
oX O0X OX X oX

. y'9=-Q

Now equation (1) becomes, P*>—-Qz =2z%or P* -Qz =2z°> —(2)
Since (2) is of the form f(P,Q,z) =0

Put P = aQ in (1), thenwegetQ— 1+\/W]

- E [1++/8a2 +1]
Putting the values of Pand Q indz = P dX + Q dY ,we get
% = —[1+8aZ +1](adX + dY)
Integrating,we get

Z= —[1+vV8aZ +1](a [ dX + [ dY)

z

logz = #[1i\/8a2+1] (aX+Y) +c

~logz = ﬁ[l +v8a? + 1](ax® +y3) + ¢

Which is the complete integral of (1).
5. Solve x*p® + xpq = z*
Sol :The given equation can be written as

(xp)2 +(xp)g=2° > (1)

Since (1) is of the form f (X" p.y"q,z)=0 with m=1 and n=0

Put X =log x
Now P:g:E %—PE where
oX OX oX X
p_ %
oX
SXp=P

Equation (1) becomes, P>*+Pqg=2*>—> (2)
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Since (2) is of the form f(P,q,z) =0
Put P = aq in (2),we get

1= e P e
But we have

dz = PdX +qdy
Substuting P,q ,we get

dz

1
7 - Ja(a+1)

(adX + dy)

Integrating on both sides

fdz/ a(a+ (ade+dy)

Ja(a+1Dlogz=(aX+y)+C

be the complete integral of (1)
6.Solve z = p°x+q°y

Sol: Giventhat z= p?x+q?y

The given equation can be written as
5 5 1 2 1 2
(pVx) +(avy) = zor[pxzj +(qy2j =2

Thisis of the form f(x"’p,y"q,z) =0withm=n= %

1 1 1

Put X =x'"=x 2=xZandY =y 2=y

]
Now p:@:ﬂ_%ngle WhereP:S—)Z(

N

ox X ox
0z oz oY R oz
and q=—=—.—=0Q| =y? |,whereQ=—
q oy oY ox Q(zy ) Q oY
p 1 Q
X2 =—andqy? =
p > qay >

2 2
Then equation (1) becomes, (gj +(%) =zieP’+Q° =4z (2)
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This if of the form f(P,Q,z)=0

Put P = aQ in (2),we get
a’Q?+Q? =4z

4z _ 4z
Q= \’ az+1’ P_a\/ a2+1’

But we have
dz = PdX +Qdy
Substuting P,Q ,we get

4z
aZ+1

dz =

(adX + dY)

2
— = adX + dY
Vz a2+1( )

Integrating on both sides

fdz/«/z=\/a227+1(a fdx+ jdy)

J@+1DVz=(aX+Y)+C

J@@ + DVz=(avx +fy) + C

Which is the complete integral of (1)
7.S0lve x2p? + y2q® = 2%
Sol: Given x2p? + y?q* = z*........(1)
(xp)* + (yq)* = 2

Since (1) is of the form f (x"p,y"q,2)=0 withm = 1 andn = 1

Put X =logx and Y =logy

Now p=g=g-%=P.E where P =22
OX OX oX X oX

Xp=P

and Q=g=g.ﬁ=Q.E where sz
oy oY oy y oY

gy =Q

.. Equation (1), becomes
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7 az
Put P = aQ in (2),we get Q = W;P V@ 1

But we have
dz = PdX+QdY
Substuting P,Q ,we get

dz (adX + dY)

zZ
T Vaz+1

1
— = (adX + dY)
z a?+1

Integrating on both sides

J.dz/z=\/a217+1(ade+ de)

J@+Dlogz=(aX+Y)+C

J(@?+ 1Dlogz=(alogx +logy) + C

is the Complete solution of (1)
8. Solve x2p% + y?q* =1
Sol: Given x2p? + y2q®> =1 ........(1)
(xp)* + (yq)? =1

Since (1) is of the form f(x™p,y"q) = 0withm =1andn =1
Put X =logx and Y =logy

Now ngzﬁ.a—xzp.l here P=—
ox OX OX X
SXp=P
and ngzg.a—\(:ql here Q = —
oy oY oy y oY
~qy=Q

- Equation (1), becomes
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P24+0%2=1....02)

PutP =ain (2),weget Q =1 —a?

But we have
dz = PdX+QdY
Substuting P,Q ,we get

dz = (adX++V1—a?dy)

Integrating on both sides

fdz=(ade+mde)

z=(aX +V1—a?¥) +C
z=(alogx + V1 —a?logy) + C

is the Complete solution of (1)

Equations of the formf(z"p, z"q) = 0 where nis a constant:
Use the following substitution to reduce the above form to an equation of the form f(P,Q)=0

zn+1 if n#—1
logz, ifn=-1

put Z ={
Equations of the formf (x, z"p) = g(y,z"q) where nis a constant:
An equation of the above form can be reduced to an equation of the form f(P,Q)=0

by the substitutions given for the equation F(z"p,z"q) = 0 as above

Solved Problems :
1. Solve 2°(p?+0°)=x"+y’
Sol: Given that 2°(p?+0°)=x* +y’
The given equation can be written as
22p? + 2297 = X2 + y2or 22p? — x? = y? — 7°¢?
Or (zp)2 —x*=y? —(zq)2 — (1)
Since (1) is the of the form f (x, pz”): g (y,qz”). with n=1
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soputZ =zt =M =72

Then oz = 22_@ = P=2zp where P :g
OX ox OX
P
L 5
and %:ZZIQDQZZZC] where Q:@ S0z =9
&y oy o 2
2 2
.. Equation (1) becomes, PT_ xX* =y? —%

ie,P?—4x? =4y’ —Q* —>(2)

This is of the form f,(x,P)=f,(y.Q)
Let P?—4x* =4y* —Q* =4k?* (say)
o P? —4x? =4k and 4y* — Q% = 4k?
= P? = 4x? + 4k? and Q° = 4y? — 4k’

L P=2{x*+k?and Q = 2,/y? —k?

We have dZ = %.dx - oz dy
OX oy

= Pdx+Qdy [By total differentiation]

- dZ = 24/x% + kP dx+ 24/ y? —k?dy

Integrating on both sides

Z =2]\x? +k2dx+ 2]y’ —k2dy

=2 5\/x2+k2+k—zsinh1(5) 2| 2 yz—kz—k—zcoshl(zj +C
2 2 k 2 2 k

= xvx? +k? +k?%sinh™ (Ej+ Xy y? —k? +k? coshl(%j+c

or 22 = xJx° +k* + y\/y2 —k? +k? {sinh‘1 (E)—cosh‘l(%ﬂm

or 2% = xJ/x2 +k? +y\/y2—k2 +kzlog{

X+ X2 +k? e
Yy -k’

This is the complete solution of (1)
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2. Solve the partial differential equation. p®z®sin® x+q°z°cos*y =1
Sol: Given that p?z®sin® x+q?z?cos’y =1
The given equation can be written as

( pz)2 sin” x+(qz)2 cos’ y =1or pz)2 sin’ :1—(qz)2 cos’y — (1)

Since (1) is of the form f (X, PZn)= g (y,qZ“) with n=1.

Put Z =z""=2°

oz oz P 9z 9z
Now —=2z.— =P =2zpor pz=— where P = —;Q =~
OX OX PorPE=75 ox' 0 = ay

and %222.@3Q:22q0rqz:g
oy 2

P 2 Q 2
Then equation (1) becomes, (EJ sinzx:l—(ij cos®y

P2 QZ

ie.— sin?x=1-—< cos® 2
2 n y—(2)
This is of the form f,(x, p)=f,(y.q)

P2 QZ

Let n sin’ x=1—z cos’ y = k* (constant)

P2 QZ

s— sin®x=k”and1--= cos®y=k?
4 4
= P’sin’ x=4k* and Q” cos’ y = 4(1-k*)

2k 24/1-k*

>P=——andQ=
sinx cosy

We have dZ = aa—i dx+ % dy [By total differential]

. dZ = Pdx+ Qdy

2k 241-k*

dZ = ——dx+
sin x cosy

dy

Integrating on both sides

z=2kfcscxdx+2\/1—k2fsecydy
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= 2k log(cosecx —cot x)+2y1—k* log(secy +tan y)+c

. 2% =2klog(cosecx —cot x) + 2y1—k* log(secy +tan y) +c

This is the required complete solution of (1)
3.50lve (x + pz)? + (y+ q2)? =1
Sol: Given (x + pz)? + (y+qz)* =1....... (1)
since (1) isof the form F(z"p,z"q,x,y) =0 n=1
PutZ = z"t1 =z2

. .. . 0 . . G}
Differentiating partially w.r.t ‘x’,we get a—i = 2z implies that é = é

Butp = 57 on 20 implies Pl zp; Similarlywe get qz = >

Substitute in (1),we get
P Qv2_
(x+2)2+ @ +3)%=1
Separating P and x from Q and y, the given equation can be written as.
x+?=1-(+3)? = K*

(x+2)? = KZAND 1 — (y + 2)? = K?

Implies that

Q =2(/(1-K?)-y)

P=2(K—-x)

dz = oz dx+ oz dy
We have X

sdz=2(k- x)dx+2[\/1—k2 - y}dy
Integrating on both sides
z= Zj(k—x)dx+2.f[\/1—k2 —y}dy+c
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X2 y2
7= 2(kx—?)+2{(\/1—k2)y—7}+c

.'.z:2kx—x2+2(\/1—7)y—y2+c

This is the complete solution of (1).

4, Solvez(p*—q*) =x—y
Sol: Given

ZP?—q?) =x =Y v (1)

(ip)? — (229)* = x — y....2)

1
since (2) is of the form F(z"p,z"q,x,y) =0 n = 3

3
PutZ = z"1 =22

1
Differentiating partially w.r.t ‘x’,we get % = 225

2

z
— =
0z 3,2

implies that

1 1
Butp = g—ig—i:PimplieS EP = z2p; Similarly we geth = zzq Substitute in (2),we get

2P 2 2 2 _
GP -G =x-y
Separating P and x from Q and y, the given equation can be written as.
2Py —x=—y+ CQE=k
GP?-—x=-y+(G0Q)’ =
Solving, we get
3 3
P=5vk+xandQ :E,/k-i'y

We have dZ = g—i dx+ % dy [By total differential]

-.dZ = Pdx+ Qdy
dz =2 [Vk+xdx + Jk + ydy]
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Integrating on both sides

2 =21 [ VEFax+ [ JFFy @y

3 3 3
z2=(k+x)2+(k+y)2+c

This is the required complete solution of (1)

Methods Of Separation Of Variables:

This method is used to reduce one partial differential equation to two or more ordinary
differential equations,each one involving one of the independent variables.This will be done
by separating these variables from the beginning. This method'is explained through following

examples.

1. Solve by the method of separation of variables ‘;—Z =2 Z—'t' + U where U(x,0)=6e~3*

et . . 0U a_q __________
Sol : Given equation is Y 4 2 o T U (1)
Let U(X,t)=X(x) T(t) =XT =--====mmnamo- 2)
be a solution of (1)

Differentiating (2) partially w.r.t x antt

ou_ .
ox oot

Put these values in equation (1), we have

XT=2T'X +XT Dividingby XT

Since L.H.S is a function of ‘x’ and the R.H.S is a function of ‘t” where x and t are
independent variables, the two sides of (3) can be equal to each other for all values of ‘x” and

‘t’ if and only if both sides are equal to a constant.
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Therefore % =2 % + 1=K-------- (4) where k is a constant
Now from (4) = = k---=(5) and 2=+ 1=k-------(6)

Now consider (5) % =k > X'-kX=0 =X=Cg“

, (k-1 =y
Now consider (6) 2%+ 1=k = T _(TJTZO 3T=Cze(2j‘_‘(8)

Substituting the values of X and T in (2) we get
o ol 7S
U((x,t)=X =Ce"C,e

k-1
— |t
U(x,t)=X = Ae"xe( 2 j (where A=C, C;)

Put t=0 in the above equation ,we have U(x,0) = A e 9)
but given that U(x,0)=6e ~3*-------- (10)

from (9) and (10) we have Ae* =6e 3%

A=6 and k=-3 the solution of the given equation becomes

U (X,t) =X = 6e*3Xe(_2)t — 667(3x+2t)

2
2. Solve the equation by the method of separation of variablenglz' = ‘;—ly' +2U
o~ .. 9%U U 5
Sol: Given equation is % = oy + 20 1)
Let UX,Y)= X(X) Y(y) =X Y -----mmmmmmeme- 2)

be a solution of (1)

Differentiating (2) partially w.r.t x anty

DEPARTMENT OF HUMANITIES & SCIENCES | ©MRCET (EAMCET CODE: MLRD) Est:]




MATHEMATICS -II PARTIAL DIFFERENTIAL EQUATIONS

a—sz’Y a—U=Y’X aZ—U =X'Y
ox Y 0x?
Put these values in equation (1), we have
XY = YX+2XY
Dividing by XY on both sides we have X; = Y7”+2
A L] — 3)

Since L.H.S is a function of ‘x’ and the R.H.S is a function of ‘y’ where x and y are
independent variables, the two sides of (3) can be equal to each other for all values of ‘x” and

‘y’ if and only if both sides are equal to a constant.

Now from (4)

X ok 5

p 23 5)
And e - - 6)
From(5) X" —2X =kX X'—Q+kXx=0

Which is second order differential equation

Auxiliary equationism? — (2+ k) =0 - m=%+,/(2+k)
Solution of the given equation (5) is X = Clem

Now consider equation (6) Y = kY - %z k

Integrating on both sides we get logy = ky + logC,

N |og(ci}= iy =Y=Ce"———(8)

3
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Substituting the values of X and Y in (2) we have

U = |:Clea/(2+k)x 4 Cze—‘/(2+k)x :| Cseky

U= [Ae“WX + Be‘*/ﬁx]eky

where A=CC;, and B=CgC,
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